Spaces of similarities. III. Function fields  by Wadsworth, Adrian R & Shapiro, Daniel B
JOURNAL OF ALGEBRA 46, 182-188 (1977) 
Spaces of Similarities. III. Function Fields 
ADRIAN R. WADSWORTH 
Department of Mathematics, University of California at San Diego, 
La Jolla, California 92093 
DANIEL B. SHAPIRO 
Department of Mathematics, The Ohio State University, Columbus, Ohio 43210 
Communicated by A. Fr8hlich 
Received February 16, 1976 
Let V be a finite dimensional vector space over a field F (char F # 2) and 4 
a nonsingular quadratic form on V. Attached to the quadratic space (V, 4) 
is the set Sim(V, Q) of similarity maps on V; linear maps f: V + V such that 
q(f (v)) = ucf) q(v), for all v E V. As was shown in [5], if S is a vector space 
which lies in Sim(V, n), then the similarity factor map o: S --f F is a quadratic 
form on S; if the form is nonsingular and represents 1, say S E (1) 1 S, , 
then there is a representation of the Clifford algebra C(( - 1) . S,) on V which 
is compatible with the bar involution on the Clifford algebra. 
This paper continues the investigation of nonsingular spaces of similarities 
begun in [5, 61, in which the Clifford algebra representation was a basic tool. 
In [5] the “generalized Hurwitz problem” was solved by showing that among 
all quadratic spaces (V, 4) with dim V = n, the maximum dimension of a 
space of similarities S < Sim( V, 4) is given by the Hurwitz-Radon function: 
p(n) = 8a + 2b, where n = 24a+bn0 , n, odd, 0 < b < 3. The principal focus 
of [6J was the question, still unsettled, of which quadratic spaces (V, q) admit 
a space of similarities of dimension p(dim(V)). Our conjecture is: 
Conjecture 1. Suppose (V, 4) is a quadratic space with dim V = n = 2?z0 
with n, odd. If Sim(V, n) has a p(n)-dimensional subspace, then 4 has a factor 
which is an m-fold Pfister form. 
The reasons for this conjecture are discussed in [6, Sect. 71. In [6] the 
conjecture was reduced to the case where n, = 1, and it was proved for m < 4. 
Here we will give a proof of the conjecture for m < 5, using a function field 
argument that reduces the conjecture to the case where Q is isotropic. We 
will also give some partial results for m > 6 which are sufficient to settle the 
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conjecture over a global field. In addition we will prove a theorem on Pfister 
neighbors as spaces of similarities, which gives another illustration of the 
relation between spaces of similarities and Pfister factors. 
The notation will generally follow [5, 61. In particular, for forms Q, q, we say 
that q~ is a factor of Q (9 1 q) if there is a form 7, with q z v @ 7. 
1. THE CONJECTURE FOR m < 5 
We first show that the following conjecture is equivalent to Conjecture 1. 
Conjecture 2. Let V and S be quadratic spaces with S < Sim( V), dim V = 
2”, and dim S = ~(2~). If V is isotropic then V is hyperbolic. 
Conjecture 2 is obviously a special case of Conjecture 1, since an isotropic 
Pfister form is hyperbolic. To obtain Conjecture 1 from 2 we use a function 
field argument. 
An n-dimensional quadratic form q can be considered as a homogeneous 
polynomial q = q(x, ,..., xn) of degree 2 in the polynomial ring F[x, ,..., xn]. 
If a 3 3 or rz = 2 and q is anisotropic, the polynomial is irreducible, and q 
has a function field, F(q), the quotient field of F[x, ,..., x,J/(q). Of course 
q @F(q), the form induced by q over F(q), is isotropic. But it is known, by 
[2, Theorem 5.81 or [8, Theorem 51, that q @F(q) is hyperbolic iff q is hyperbolic 
or q is similar to an anisotropic Pfister form. 
Now, take quadratic spaces S and V with S < Sim( V), dim V = 2”, and 
dim S = ~(2~). Then S @F(q) < Sim( V @F(q)) (see [5, Lemma 1.3]), where 
q is the form on V. Assuming Conjecture 2 holds over F(q), it follows that 
q @F(q) is hyperbolic, hence q is similar to a Pfister form. This is Conjecture 1 
in the case t~s = 1, and the general case follows by [6, Corollary 8.71. 
THEOREM 1. The conjectures are valid for m < 5. 
Proof. Let (S, u) and (V, q) be quadratic spaces with S < Sim(V), dim S = 
p(2”), and dim V = 2m. Assume q is isotropic but not hyperbolic. We obtain 
contradictions when m < 5, thereby proving Conjecture 2. 
Because q is not hyperbolic u is anisotropic [5, Corollary 3.151. But since 
u @F(u) is isotropic and S @F(o) < Sim( V @F(o)), 4 @F(u) must be 
hyperbolic. Therefore [8, Theorem 21, u is similar to a subform of qa , the 
anisotropic part of q. So dim qa 3 dim u = ~(2~). For m < 3, ~(2”) = 2”, 
hence q is anisotropic, contradicting the hypothesis. 
Now take a generic splitting tower for q (see [2, Sect. 5]), and let K be the 
penultimate field in the tower. Let q’ = q @ K and u’ = u @ K. Then q’ 
is isotropic but not hyperbolic, and qn’, the “leading form” of q [2, Definition 
5.91, has dimension a power of 2. But since S @ K < Sim(V @ K) the argument 
of the preceding paragraph implies dim qa’ > ~(2~). For m = 4, this yields 
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dim qa’ > 9, hence dim qa’ = 16 = dim q’, which is a contradiction since q’ 
is isotropic. 
For WI = 5, we have dim q’ = 32, and dim qa’ > 10, so dim qa’ = 16 
and q’ has Witt index 8. Take any nonzero isotropic vector v in Y @ K. For 
any f, g E S @ K, the proof of [S, Lemma 1.91 shows that 
fqf(v), g(v)) = B,‘(f, g) . B’(v, v) = 0, 
where B’ is the associated bilinear form of q’ and B,’ that of u’. Therefore 
{f(v) j f~ S @ K} is a lo-dimensional totally isotropic subspace of I’, con- 
tradicting the Witt index computation. 
Remarks. 
I. This argument shows that a 16-dimensional quadratic form which 
admits a 5-dimensional space of similarities must be similar to a Pfister form. 
The same is true for a 32-dimensional form with a 9-dimensional space of 
similarities. 
2. The argument breaks down from m 3 6 because 2” is too much 
larger than ~(2”). 
2. THE CONJECTURE FOR m 2 6 
We do not have a proof of Conjecture 1 for m > 6 over an arbitrary field. 
However, we will give an inductive argument that allows the conjecture to be 
verified for many forms of dimension 2”, using the m - 1 case of the conjecture. 
For a quadratic space S over field F, C(S) will denote the Clifford algebra 
of S, with homogeneous components C,(S) and C,(S). All algebra isomorphisms 
will be as ungraded algebras. c(S) is the image of C(S) in the Brauer group 
of F. Abusing notation, we write bS for the quadratic form obtained by scaling 
the form on S by a factor of 6, - 1S is abbreviated to -S. If S represents 1, 
we write S, for a quadratic space such that S E (1) i S, . Note that s.d. 
(--S,) = s.d. (S) (signed determinant), c(-S,) = c(S) [4, p. 121, (3.13), (3.16)], 
and C(-S,) E C,(S) [4, p. 114, Corollary 2. IO]. If the form on S is similar 
to a Pfister form we call S a Pfister space. 
LEMMA 1. Suppose m =- 2 (mod 4). Let S be a 2m-dimensional anisotropic 
quadratic space representing 1 such that det S = 1 and the irreducible modules 
of C(-S,) have F-dimension 2”. Then the following conditions are equivalent: 
(a) There is a 2m - 2-dimensional quadratic space T representing 1 such 
that T is similar to a subform of S and the irreducible C(-T,) modules have 
F-dimension 21i7-1. 
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(b) There is a quadratic extension L of F such that S @L is isotropic and 
c(S@L) = 1. 
Proof. Assume we have (a). Let d = det T = --s.d. (T)andL = F[(-d)1/2]. 
By hypothesis T 1 A s bS for some 2-dimensional form A. Then det A = d, 
so S @L is isotropic (and L # F). Furthermore, 
C,( - Tl @L) E C,( - T,) @L g C( - Tl) z M,+,(L) , 
where the first isomorphism is functorial, the second follows from [4, p. 111, 
Theorem 2.41 since L is the center of C(- T,), and the third from the size 
of the irreducible C(-T,) modules; &&,-z(L) is the matrix algebra over L. 
In terms of Clifford invariants (which are invariant under Witt equivalence) 
this yields c(S @L) = c(T @L) = c(-Tl @L) = I, as desired. 
Conversely, assume (b). Say L = F[(-d)li2]. Then S g A 1 B, where 
dim A = 2 and det A = det B = d. Let T = tB, for any t represented 
by B. Because tA @L is hyperbolic and s.d. (S) = 1, 
c(-T, @L) = c(T @L) = c(tS@L) = c(S @L) = I, 
using [4, p. 121, (3.16)]. Therefore, since L is the center of C(-T,), 
C(-T,) G C,(-T,) @L gg C,,-Tl @L) s M,,-,(L). 
The irreducible modules of C(- Tl) thus have F-dimension 2 2m-2 = 21”-l. 
THEOREM 2. Let V be a 64-dimensional quadratic space and S < Sim(V) 
with dim S = ~(2‘9 = 12. If there is a quadratic extension L of F such that 
S @L is isotropic and c(S @L) = 1, then V is a Pfster space. 
Proof. We may assume V is not hyperbolic. Then S is anisotropic, and 
det S = 1, by the remark after [6, Corollary 8.51. In addition, we may scale 
S if necessary to assure that it represents 1. Since no proper subspace of V 
admits a p(26)-dimensional space of similarities, V must be an irreducible 
C(-S,) module. The conditions of Lemma l(b) are thus satisfied, and we 
take a space T as described in part (a). Because T is similar to a subspace of S 
(by a scale factor represented by S) T < Sim( V). Decompose V into unsplittable 
subspaces admitting C(-T,) (cf., [5, (3.12)]): V G V, 1 V, , where the Vi 
are irreducible C(-T,) modules and T < Sim(Vi). By Theorem 1 (m = 5), 
each Vi is a Pfister space, and by [6, C orollary 8.81 V, and V, are similar. 
Therefore, V is a Pfister space. 
The proof of Theorem 2 depended on the validity of Conjecture 1 for m - 1 
(where m = 6) and the existence of the space T described in Lemma l(a). 
Conditions for the existence of such a T can be found for each m, and the 
information is summarized in Table I. The proofs are all analogous to the 
proof of Lemma I, and are omitted. 
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TABLE I 
m (mod 4) Pew Existence of S Existence of T 
m-0 2m + 1 c(S) = 1 S represents det S 
m=l 2m c(S @ F[61/2]) = 1, where There is a y represented by S 
8 = --det S and 8 $F2 such that ~($3) = 1 
m-2 2m det S = 1 and c(S) = D, a There is a quadratic extension 
quaternion division algebra L ofFsuch that S @L is 
isotropic and c(S @L) = I 
me3 2m + 2 det S = 1 and c(S) = 1 S has a 4-dimensional subform 
of determinant 1 
The third column of the table gives necessary conditions on an anisotropic 
quadratic space S representing 1 with dim S = ~(2~) in order that S < Sim( I’) 
for some nonhyperbolic space V with dim V = 2”. These conditions follow 
from the facts that C(-S,) must be of regular type (see [5, Proposition 3.7(iii)]) 
and must have irreducible modules of dimension 2”, plus the remark after 
[6, Corollary 8.51. (It will be shown in [7] that these conditions on S are also 
sufficient for the existence of a quadratic space V with dim V = 2”, such that 
S < Sim( I’), although V may be hyperbolic.) The fourth column gives necessary 
and sufficient further conditions on S for the existence of a space T representing 
1 similar to a subspace of S, such that dim T = p(2’+l) and the irreducible 
modules of C(-T,) have dimension 2”-l. 
THEOREM 3. The conjectures hold for all m if F is an algebraic number field. 
Proof. The proof is by induction on m, m >, 6. Assuming the result. is 
known for m - 1, it is proved for m using precisely the argument of Theorem 2, 
because one can always find a T as described in Lemma l(a). It suffices to 
verify that the conditions in the third column of Table I imply those of the 
fourth column when F is an algebraic number field. For m = 0 this is well 
known, as dim S > 4. For m = 1, we have c(S) = (6, b/F), the quaternion 
algebra, where 6 = -det S. (Recall that if a central simple division algebra D 
is split by a quadratic extension of its center F, then dim, D < 4.) Let < be 
an ordering of F for which S is positive definite, and F the real closure of F 
with respect to this ordering. Since dim S = 2m = 2 (mod 8), (6, b/F) = 
c(S @F) = 1 [4, p. 1291. Because 6 < 0, we must have b > 0. Thus, b > 0 
at every ordering of F for which S is positive definite, hence S represents b. 
Since c(bS) = 1 [4, p. 121, (3.16)], we may take y = b. For m = 2, we have 
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c(S) = (a, b/F). The form (-a, --b, ab) is not negative definite relative to 
any ordering of F, so it represents a totally positive t E F. Let L = F[(-t)1/2]. 
Then S @L is isotropic (as L has no orderings) and c(S @L) = (a, b/L) = 1, 
since the norm form is isotropic. For m = 4, choose a E F* such that a has 
the same sign as the signature of S relative to each ordering of F for which 
sgn(S) # 0. Then (a, a, a, a) is a subform of S, as dim S > 7. 
3. PFISTER NEIGHBORS AS SPACES OF SIMILARITIES 
We give another application of the function field technique used in Section 1. 
Following Knebusch’s definition [2, Sect. 41, we call a quadratic form u 
a P$ster neighbor if there is a Pfister form cp, such that (I is a subform of y and 
dim u > 4 dim v. 9 is uniquely determined up to isometry [2, Theorem 4.21. 
Moreover, in any extension field L of F, u @L is isotropic iff v @L is isotropic 
(hence hyperbolic). Thus, the function fields F(a) and F(v) are equivalent 
in the sense of Knebusch [2, Sect. 31. 
THEOREM 4. Suppose the quadratic form o is similar to a neighbor of the 
PJister form (p, and (V, q) is an anisotropic quadratic space. If u < Sim( V) 
then v 1 q. 
Proof. Take a set of indeterminates {xi ,..., x,}, s = dim u, and let F(x) = 
0, ,..., x,), the rational function field. u < Sim(V) implies u @F(x) < 
Sim( V @F(x)). Since u(x) is a value represented by u @F(x), u(x) is a similarity 
factor for q @F(x). By Knebusch’s “norm theorem” [l, Theorem 4.21, q @F(U) 
is hyperbolic. The equivalence of F(a) and F(y) implies q @F(v) is hyperbolic 
[2, Proposition 3.11, hence v 1 q [2, Lemma 4.41. 
Remark. This theorem provides a new proof for [5, Corollary 3.131. 
Conversely, an alternative proof of Theorem 4 could be given by tensoring 
up to F(q) and using [5, Corollary 3.151. 
This theorem gives a relationship between spaces of similarities and Pfister 
factors of a quadratic form. The full extent of this relationship is still unclear. 
However, it suggests that some of the basic divisibility properties of Pfister 
forms may have analogs for spaces of similarities. For example, Conjectures 7.3 
and 7.4 of [6] are analogous to the following two results on Pfister forms, which 
can be proved by tensoring up to F(v), using the fact (see, e.g., [4, p. 3101) 
that odd dimensional forms are not zero divisors in the Witt ring: 
A. If v is a Pfister form and q is a quadratic form with decomposition 
q s qa 1 qh , qa anisotropic, qh hyperbolic, then y 1 q iff g, 1 qa and v 1 qh . 
B. If T is a Pfister form, D, 7 quadratic forms with dim (T odd, then 
g,Ia@7iff9)17. 
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